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Abstract

The first time you encounter a medieval manuscript of a Greek mathematical or astronomical work, like those of Archimedes,
Euclid, or Aristarchus, the most impressive feature is the odd configuration many diagrams show. There is a tendency to represent
more regularity among the geometric objects than what the argument demands and usually they are not accurate graphical depic-
tions of the mathematical object discussed in the text. Most scholars believe that these tendencies go back to the Greek authors
themselves. In this paper, I propose a different explanation: the odd characteristics should not be attributed to Greek authors, but to
transmission.
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1. Introduction

As is clear from the title of the book, in his On the Sizes and Distances of the Sun and Moon, Aristarchus
of Samos obtains values for the sizes and distances of the Sun and Moon. Proposition 13, in which he
obtains many ratios that he will use later, is the longest in the work. Aristarchus, as is usual for Greek
mathematical authors, refers directly to the elements of the diagram: “[L]et the center of the sun be A, let
B be the center of the earth, and C the center of the moon when the eclipses first becomes total, through
the moon having fallen wholly within the earth’s shadow” [Heath, 1913, 393]. The most ancient witness of
the diagram that Aristarchus could have drawn is in the famous manuscript Vatican 204, f. 115r which was
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Figure 1. Diagram of proposition 13 of Aristarchus’s On the Sizes and Distances of the Sun and Moon. Vatican 204, f. 115r.
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Figure 2. Diagram of proposition 14 of Aristarchus’s On the Sizes and Distances of the Sun and Moon. Vatican 204, f. 116v.

composed more than one millennium after the original diagram. Nevertheless, the diagram is fairly clear
and we, as modern readers, feel comfortable with it (see Figure 1).

The Sun is the biggest circle, centered at A, the Earth, smaller than the Sun, is centered at B. The tangents
of both circumferences represent the rays of the shadow cone. The Moon, centered at I' and smaller than
the Earth, is entering into the shadow cone, just as Aristarchus requires (even if it is not totally inside of
it").

Aristarchus begins the following proposition by saying, “Let the same figure be drawn as before; and let
the moon be so placed that its center is on the axis of the cone comprehending both the sun and the earth”
[Heath, 1913, 393]. We assume that the figure should be similar to the previous one, but with the center of
the Moon circle (I') aligned with the centers of the Sun and Earth. Nevertheless, the figure is quite strange
(see Figure 2).

The Earth is drawn as the same size as the Sun and, therefore, the rays of what should be a cone are
now parallel, representing not a cone, but a cylinder. Even the Moon is drawn as the size as the Sun and the
Earth. The arc EMAON, representing the Moon’s orbit is so small that it is also the same size as the Moon,
Sun, and Earth. Moreover, the center of this arc is not the Earth, but a point halfway between the surface of
the Earth and that of the Moon. Finally, the Earth’s circular shape assumes an unexpected lens shape. The
same hand drew both diagrams, in the same manuscript, just one folio apart.”

! For a discussion of this detail, see Berggren and Sidoli [2007] and Carman [2014].

2 For a discussion of these two figures and a proposal for explaining their divergences different to the one I offer below see Netz
[1999, 40-41].
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Figure 3. Diagram of proposition 1 of Euclid’s Catoptrics. To the left, a diagram without overspecification reproducing [Heiberg
and Menge, 1895, 7, 289]. To the right the diagram in Vatican 204, f. 135r.

Although most readers would be amazed with the odd features of Figure 2, scholars who are familiar
with medieval manuscripts of Greeks scientific works, would probably be more amazed with Figure 1,
because diagrams in manuscripts are often drawn incorrectly, like Figure 2.

The strange characteristics many diagrams have in medieval manuscripts were ignored for centuries,
probably because the great majority of modern critical editions of Greek mathematical works silently
re-drew the diagrams,” obscuring their peculiarities from most scholars, who, confident on these critical
editions, did not consult the manuscripts.

This situation changed in the last few decades, when scholars began to study the diagrams as they appear
in the manuscripts with the same level of detail as the text itself. New critical editions of the diagrams and
stemma codicum of manuscripts using the differences in diagrams have been published recently.* There
are also attempts to describe the main characteristics of the diagrams in manuscripts. The most systematic
approach is that of Saito and Sidoli, who enumerate two main characteristics.” According to them, many
diagrams in manuscripts show what they call overspecification, i.e., “the tendency to represent more reg-
ularity among the geometric objects than is demanded by the argument. For example, we find rectangles
representing parallelograms, isosceles triangles representing arbitrary triangles, squares representing rect-
angles, and symmetry in the figure where none is required by the text” [Saito and Sidoli, 2012, 140-141].
Another widespread tendency in the manuscript diagrams is the indifference to visual accuracy, i.e., “the
use of diagrams that are not graphically accurate depictions of the mathematical object discussed in the
text. For example, unequal lines may be depicted as equal [and] equal angles may be depicted as unequal”
[Saito and Sidoli, 2012, 143].° Let me illustrate these characteristics with a few examples.

In proposition 1 of the Catoptrics, Euclid shows that in plane, convex, and concave mirrors, visual rays
reflect at equal angles. The diagram that I will analyze corresponds to plane mirrors. See Figure 3, left.
The mirror is line AL, the eye is at B. The ray BK meets the mirror at point K and is reflected to the ray
KA. Angles BKI" and AKA are equal. Even if the argument does not require that K is equidistant from A
and I, this is the case in the diagram of the manuscript (see Figure 3, right). The proof of the proposition is
based on the similarity between triangles BKI" and AKA. Nevertheless, in the diagram of the manuscript

3 Neugebauer [1975, 751-755] complained about the failure of classical scholars to pay attention to the manuscript diagrams.
This is not totally fair. See for example Heiberg’s edition to Theodosius Spherics [Heiberg, 1927]; the edition of Besthorn et al.
[1897-1932] of al-Nayrizi’s commentary to the Elements; Menge [1916, 1-112] in his comments to Euclid’s Phenomena; the
edition by Rome [1931-1943] of the Commentaries of Pappus and Theon on Ptolemy’s Almagest; Mogenet [1950] on Autolycus’s
treatises, Lejeune [1989] on Ptolemy’s Optics. For more references, see Sidoli [2007, n. 4].

4 See, for example, Jones [1986], Czinczenheim [2000], Netz [2004], Raynaud [2014], and Raynaud [2016, 256-261].

5 There are other differences that I will not analyze in this paper, such as the use of impossible figures for proofs by reductio ad
absurdum and the use of one figure for representing many different cases [Saito, 2012, 8].

6 The term ‘overspecification’ has been introduced by Saito [2006, 82]. He also talks about “standardized” diagrams for over-
specification and that “Metrical correctness is not so important” for indifference to visual accuracy [Mascellani et al., 2005, 74].
Raynaud [2014, 208-209] also summarizes the main characteristics: the diagrams are schematized whenever possible; the figures
are usually overspecified and linear values in the diagrams are not necessarily faithful to the mathematical content.
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Figure 4. Diagram of proposition 3 of Aristarchus’s On the Sizes and Distances of the Sun and Moon. To the left, a mathematically
correct diagram inspired by Heath [1913, 362]. To the right, the diagram in Vatican 204, f. 110v. Some letters have been omitted to
make the figure clearer.

(taken also from Vatican 204, f. 135r.), they are not only similar, they are equal. Even if technically this is
not wrong (after all, equal triangles are similar also), this is more than what is required.

In this example, therefore, the overspecification of the diagram does not make it inaccurate. But this
is the case in many other diagrams. For example, in the diagram of proposition 3 of Aristarchus’s already
mentioned On Sizes, (see Figure 4) the Sun is centered at B, the observer is at A, and the Moon is depicted in
two different positions: 1) centered at I' when the three (Sun, Moon and Earth) are aligned, and 2) centered
at A when they are not aligned. Both centers are equidistant from A, because the Moon revolves around the
Earth in a circular orbit. Aristarchus wants to show that the terminator (i.e., the line that divides the dark and
the bright portions of the Moon represented by the lines that, being inside the lunar circles, are perpendicular
to the axes) is least when the three are aligned than in any other position. To do this, he explicitly shows
that the height of the cone with vertex in A is smaller than that of the cone with vertex in O. Nevertheless,
both cones are equal in the diagram of the manuscript (again, taken from Vatican 204, f. 110v.). Therefore,
the diagram of the manuscript is not only overspecified, but also indifferent to visual accuracy.’

Another example is found in a diagram of Ptolemy’s Almagest, V.17, where he shows how to calculate
the values for the lunar parallax table [Toomer, 1988, 263, Figure 5.15]. See Figure 5. The circle centered
in E is the deferent of the Moon, which is eccentric because the observer is at Z. The Moon is at B. In this
particular case, Ptolemy wants to calculate the parallax when the elongation of the Moon is 30°. Line HE
is perpendicular to BA. Because angle AZB doubles the elongation, he explicitly takes the angle AZB as
60°. In the diagram of the manuscript (taken from Vatican 180, f. 129r.), however, angle AZB looks like a
right angle, and line HE is not perpendicular to BA.

The inaccuracy in the last two examples seems to be due to some tendency to symmetry that makes the
height of the two cones equal and the base BA of the triangle perpendicular to AT, the axis of symmetry. In
some other diagrams, however, the inaccuracy cannot be justified invoking symmetry. In these cases we are
dealing with indifference to visual accuracy simpliciter. This is the case of the diagram of proposition 2 of
Euclid’s Optics.® Euclid shows that objects located nearby are seen more clearly than objects of equal size

7 Actually, if overspecification only applies to diagrams where the figure is more regular than required but, still, mathematically
correct, then the two-cone diagram is not a case of overspecification, because it is mathematically incorrect to draw the two cones
with equal height. Therefore, this diagram would be a case of indifference to visual accuracy, but then the tendency towards
greater regularity does not belong exclusively to overspecification. If the tendency to symmetry or regularity keeps the diagram
mathematically correct, then, it would be a case of overspecification, if not, it would be a case of indifference to visual accuracy.

8 There are two versions of the text, both edited by Heiberg and Menge [1895], the first titled Euclidis Optica (pp. 1-121) and the
second Opticorum Recensio Theonis (pp. 143-247). The diagram I use belongs to Vatican 204, the oldest manuscript of the second
version. See Jones [1994] and Knorr [1994].
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Figure 5. Diagram from Ptolemy’s Almagest, V. To the left, a mathematically correct diagram reproducing Figure 5.15 of Toomer
[1988, 263]. To the right, the diagram in Vatican 180, £.129r.
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Figure 6. Diagram of proposition 2 of Euclid’s Optics. To the left, a mathematically correct diagram due to Heiberg and Menge
[1895, 7, 4]. To the right, the diagram in Vatican 204, {. 44v.
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Figure 7. Diagram of proposition 11 of Aristarchus’s On the Sizes and Distances of the Sun and Moon. To the left, a mathematically
correct diagram inspired by that of Heath [1913, 387]; to the right the diagram in Vatican 204, . 114r.

located at a greater distance. See Figure 6. In the diagram, the eye is at B, and lines 'A and KA represent
the objects seen. They are, therefore, equal and parallel. Nevertheless, in the diagram of the manuscript
(Vatican 204, f. 44v.), T'A is considerably longer than KA.

Another case of indifference to visual accuracy that cannot be related to symmetry can be found in the
diagram of proposition 11 of the Aristarchus’s On Sizes (see Figure 7). In this diagram the Moon is centered
at B and the observer is at A. Aristarchus compares the diameter of the Moon (I'E) with the distance from
the Earth to the center of the Moon (line AB). For making this comparison, he constructs one side of a
hexagon (AZ) inscribed in the circle with center A and radius AT'. This is because the sides of a hexagon
inscribed in a circle are equal to the radius of the circle, i.e., AA = AZ. This fact is explicitly used in the

argument. In the diagram of the manuscript (Vatican 204, f. 114r.), however, AZ is clearly smaller than
AA.
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These are only a few illustrative examples of hundreds that are available in manuscripts. Considering that,
except for very few testimonies extant in papyrus (from which not much can be inferred”), the most ancient
witnesses of Greek diagrams are medieval, we cannot conclusively decide whether these characteristics go
back to the Greek authors or they are the result of medieval copyists. The dominant position among scholars
today is that these characteristics go back to the Greeks themselves. Usually, the main reason is that they
are so prevalent in the Greek, Arabic, and Latin transmissions that it could not but reflect ancient practice
[Saito and Sidoli, 2012, 143]."

I will offer an alternative explanation: the odd characteristics of medieval representation of ancient dia-
grams are not due to the Greek authors themselves. Independently of how they drew the original diagrams,
the successive copies that diagrams underwent, century after century, from their original version up to the
most ancient preserved copy, gradually deformed the diagrams until acquiring the overspecification and
indifference to visual accuracy that manuscripts testify. It is obvious that small modifications would accu-
mulate from copy to copy. What my hypothesis requires is much stronger: I must show that starting from
the supposed original diagram (that is, the diagram well done), a series of copies will generally transform it
into a diagram similar to that of the manuscripts. That is, I must show not only that there is some cumulative
change copy after copy, but that there is a tendency in the changes towards the characteristics that appear
in the manuscript’s diagram.

To test this hypothesis I asked many groups of university students to play the role of copyists. Most stu-
dents come from psychology, philosophy, literature, engineering, and business administration degrees, both
at public and private universities of Argentina.'' In each group, around 20 students were placed in a circle.
I gave a folder to one of them, containing a drawing of the diagram as I presume the Greek author drew it.

9 Commenting on the diagram of Apollonius’s Conica I, 16 [Heiberg, 1891-1893, 65], Eutocius noticed the overspecification of
this diagram, and suggested that it be avoided (see Decorps-Fulquier [1999, 74-75] and Saito and Sidoli [2012, 145]). This text
shows that overspecification was present in effect at least since the sixth century. There are some diagrams in papyri from the first
centuries A.D., mainly from Euclid’s Elements. But most of them are probably simply teacher’s notes or even student’s notes, and
not “official” copies [Sidoli, 2015, 392-393], therefore it is not safe to draw any conclusion from them. For discussions of these
diagrams see Netz [2015, 299-301], and Fowler [1999, 209-217].

10 Netz [2004, 5] also defends that in some cases medieval diagrams “may represent the diagrams as available in late antiquity
and, possibly, at least in some cases, as produced by Archimedes himself”. Netz is talking particularly about some chords that are
represented by arcs in medieval diagrams of Archimedes. In this case, he does not argue, like Saito, from the universality of the
fact, but from the manuscript authority. Netz and Noel [2007, 100-101] are more emphatic: “This is how he, Archimedes, traced
his figure, turning a stick in his sand. ... Those are traces left by him, personally ... First of all, no one would dare introduce
such a radical convention against the manuscript authority. Suppose you were a scribe and paid to copy diagrams from the original.
The original has polygons. Well, you would copy them as polygons. You would not invent circular arcs instead. And this reason —
that no one would introduce such a convention against the source — can be repeated and again for each stage of the transmission.
The only way to account for such a convention is to assume that it is due to the author himself”. Later, Netz [2012, 165] seems
somewhat more skeptical, even if, by the end of the paper, he repeats his argument concerning the arc shape of the sides of the
polygon. If ancient authors drew their diagrams with overspecification and indifference to visual accuracy, then there must be a
reason, for this is not what one would a priori expect. For Netz “the diagrams are non-pictorial. You draw a polygon, but you
do not make your drawing look like one. Instead of being a picture, the ancient diagram is a schematic representation” [Netz and
Noel, 2007, 101, italics in the original]; see also Netz [2004, 9]. According to Saito and Sidoli [2012, 157] on the one hand, “[t]he
consistent use of overspecification implies that the diagram was not mean to convey an idea of the level of generality discussed in
the text. The diagram simply depicts some representative example of the objects under discussion”, on the other, “the indifference
to visual accuracy implies that the diagram was not meant to be a visual depiction of the objects under discussion but rather to use
visual cues to communicate the important mathematical relationships. In this sense, the diagrams are schematic representations.”
11 1t s reasonable to assume that most copyists drawing the diagrams (who usually did not copy the text) did not understand the
mathematical content of the text. Hence, I decided not to introduce the mathematical content of the diagrams to the students. It is
true, however, that there were some copyists who did understand the content during transmission. For example, most of Euclid’s
Elements manuscripts come from Theon’s emendation, who certainly understood the text. Nevertheless, as I will show in the
following pages, the tendency to overspecification and indifference to visual accuracy is so strong during transmission that, one
can presume that if the diagrams were completely re-drawn avoiding these tendencies, they would rise again after a few copies.
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I asked the student to copy the diagram and to place her copy in the folder, over the starting diagram she had
copied before hiding it, and to pass the folder to the next student, who would copy the drawing made by the
first student, and so on. I asked the students to copy the diagrams as faithfully as possible, using all the tools
available to them. The great majority of them used ruler or similar objects for making straight lines, but
practically no one used a compass, even if sometimes they used circular objects, such as a glass or a coin to
draw circles.'” In general, the experiment was repeated around 10 times for each diagram analyzed, obtain-
ing about 10 sets of 20 copies. I analyzed 13 diagrams, involving around 2600 drawings. In what follow,
for brevity, I will present the results of 5 diagrams; the rest are available online (https://goo.gl/B2f1Pd).

The results can be divided into two main groups: analyzable and unanalyzable. Some series reached a
point where the figure was so distorted that the characteristic that I wanted to analyze had disappeared and
become, thus, unanalyzable. For example, if I wanted to measure the ratio between two sides of a triangle,
but the triangle itself disappeared. Sometimes it happened by small successive deformations but usually
by a particularly careless student. The number of unanalyzable series depends, to a large extent, on the
difficulty of the diagram. Some examples are available online (https://goo.gl/B2f1Pd).

Most of the series, however, are analyzable: i.e., the variable that I wanted to measure was preserved.
In many cases this variable converged to the characteristic of the manuscript’s diagram (for example, the
unequal heights of two different cones became equal), while in others the variable either a) remained like
in the starting diagram, i.e., more or less stable, or b) was deformed, but not as expected, i.e., towards
the characteristic showed in the manuscripts (for example, the different height of the two cones became
increasingly greater).

A critical decision of the experiment is, of course, the selection of the first diagram from which the series
of copies will start; after all, we do not have the original diagram. There are many ways in which a diagram
can be drawn so as to be mathematically correct and according to our modern standards. I selected the
diagrams from the most trustworthy modern editions.

For each diagram analyzed, I offer a witness series as an example with one complete set of drawings,
together with a chart that summarizes the results. In the upper right corner of the chart I indicate a) the
number of series that support my hypothesis, b) the number of series that do not support my hypothesis,
and c) the number of unanalyzable series.

The results are very persuasive even to a naked-eye inspection of the witness series. Nevertheless, to
make the results as objective as possible and to be able to handle many series at the same time, I quantified
the variation of the characteristic for which I tested. For example, from the Almagest’s diagram mentioned
above I want to test whether the base of the triangle BAE becomes perpendicular to line AT'. Therefore, in
each drawing of the series I measured angle AZB. In Aristarchus’s diagram with the two cones, I measured
the ratio between segments BO and BA (the distance between the center of the Sun, B, and the vertices of
both cones, O and A). Here, and in all cases where ratios are involved, the logarithm of the ratio is used to
represent this graphically, as it makes the ratios symmetrical. In the chart of each diagram I plot the variable,
starting from the value of the starting diagram and finishing in the twentieth copy. The unsupporting series
are individually plotted in dark gray, the supporting series in light gray and dotted lines, except for the

12 Tt could be objected that this vitiates the experiment for there is evidence from medieval manuscripts that copyist usually (even
if it is clear that it was not always the case) drew the circles and arcs using compasses. One must remember, however, that what
is in question here is the transmission from the original diagram up to the oldest extant medieval copy. Still, there is no certain
evidence to affirm that the standard practice among Classical and Hellenistic copyist was to use compasses for drawing circles. In
any case, there is just one change in my analysis (including the cases of the appendix) that involves a circle, that of the Earth’s
circumference in diagram of proposition 14 of Aristarchus’s On Sizes that becomes a lens-shape figure. All the other changes do
not involve circles and, therefore, this objection would not affect them. Future tests using compass would be desirable. I thank one
of the anonymous referees for bringing forward this objection.

13 Heiberg for Euclid’s Optics and Catoptrics, Toomer for Ptolemy’s Almagest, and Heath for Aristarchus’s On Sizes. I specified
the bibliographic references in the figure of each diagram.
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Figure 8. Reproduction of a witness series of the drawings copying a diagram of the V book of Ptolemy’s Almagest. Starting
diagram (0): Figure 5.15 of Toomer [1988, 263]; final diagram (M): Vatican 180, f. 129r. The drawings have been rotated and
resized to fit in the assigned space.

one that has been selected as witness and shown in the figure, which is plotted with a solid gray line. The
average of all the supporting series is plotted in black, to favor a comprehensive view of the positive results.

2. The results

In the diagram of the Almagest mentioned above I measure angle AZB at 60°, the angle of the starting
diagram, taken from Toomer [1988, 263, Figure 5.15]. The diagram of the manuscript was taken from
Vatican 180, f. 129r.

Let me start by analyzing the witness series (Figure 8). Drawing 0 is the starting diagram, which the first
student copied. Her copy is labeled 1; the one that copies her drawing, 2, and so on. In the starting diagram

Please cite this article in press as: Carman, C.C. Accounting for overspecification and indifference to visual accuracy in
manuscript diagrams: A tentative explanation based on transmission. Hist. Math. (2018),
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Ptolemy, Almagest, V.17, diagram 5,15
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Figure 9. The chart shows the change throughout the copies of angle AZB belonging to the diagram 5,15 of Ptolemy’s Almagest,
V.17. The unsupporting series is individually plotted in dark gray, the supporting series are plotted in light gray and dotted lines,
except for the one that has been selected as witness and shown in Figure 8, which is plotted with a solid gray line. The average of
all the supporting series is plotted in black.

the base of the triangle BAE is clearly oblique with respect to the vertical diameter AI" and remains so in the
first 5 copies, but as early as in the sixth or seventh copy the base of the triangle is perfectly perpendicular
to AT'. This new configuration is preserved throughout the subsequent copies, up to the end. So, starting the
experiment with the base of the triangle tilt at 60° with respect to the vertical line AI', one rapidly obtains
the base of the triangle positioned vertically with respect to AI'. Most importantly, this characteristic is
preserved over the following copies: once the manuscript-shape is obtained it is preserved for all the copies
of the series (and I will show that this generally happens). In other words: the manuscript-type diagram is
stable. This explains why, copy after copy, the diagram has not been distorted in all the extant manuscripts,
preserving the base of the triangle BAE vertical with respect to line AT".!*

The experiment for this diagram was done 10 times, obtaining 10 series. Two series were unanalyzable,
7 produced results that support my hypothesis and there was only 1 unsupporting series, i.e., in 7 series the
base of the triangle turned perpendicular to AI", while in 1 it did not. The result, as is shown in the graph,
supports my hypothesis (see Figure 9). The average of the supporting results shows that around copy 8 all
the supporting series had already arrived at the objective, and they preserve its features over the remaining
copies. Therefore, it is likely that if Ptolemy did the diagram correctly, i.e., with an angle of 60° between
lines HE and BA, the transmission process would have made the two lines perpendicular, probably sooner
rather than later. Let me move to the next diagram.

In the diagram of proposition 3 of Aristarchus’s On Sizes, I calculated the logarithm of the ratio between
segments BO and BA. It starts greater than O and should arrive at 0. The starting diagram was inspired by
that of Heath [1913, 362], and the diagram of the manuscript was taken from Vatican 204, f. 110v (see
Figure 10).

14 Nevertheless, as I hope to show in a forthcoming paper, some small changes can be detected in manuscripts.
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Figure 10. Reproduction of a witness series of the drawings copying the diagram of proposition 3 of Aristarchus’s On the Sizes and
Distances of the Sun and Moon. The starting diagram (0), inspired by Heath [1913, 362]; final diagram (M): Vatican 204, f. 110v.
The drawings have been rotated and resized to fit in the assigned space.

The results are similar to those of the previous diagram: among 11 series, 3 had to be discarded, 7 support
my hypothesis, while only 1 does not (see Figure 11). The equality of the axes of the two cones is obtained
fairly quickly, and in 3 series, as early as in the second copy. Once again, there is a strong tendency in the
transmission to make the height of the two cones equal.

My third case analyzes the diagram of proposition 2 of Euclid’s Optics (Figure 12), in which I measured
the ratio between the two lines representing the objects which must be equal: TA/KA, and I plotted the
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unanalizable: 3

Aristarchus of Samos, Treatise on the Sizes and Distances, diagram 3
0,25 Log,e(cone axis BO / Cone axis BA)
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Figure 11. The chart shows the change throughout the copies of the logarithm of the ratio between cone axis BO and cone axis
BA of the diagram of the proposition 3 of Aristarchus’s On Sizes. The unsupporting series is individually plotted in dark gray, the
supporting series are plotted in light gray and dotted lines, except for the one that has been selected as witness and shown in Figure
10, which is plotted with a solid gray line. The average of all the supporting series is plotted in black.

logarithm of this ratio (see Figure 13). It starts at O and should finish greater than 0. The starting diagram
was taken from Heiberg and Menge [1895, 7, 156], while that of the manuscript from Vatican 204, f.
44v. In this case, I obtained 8 series of which 2 had to be discarded, with the remaining 6 supporting my
hypothesis, so I obtained 100% support of my hypothesis in the analyzable series. In all cases except one,
the inequality of both lines was obtained in the very first copy. It is important to notice that the experiment
could produce opposite results in different kinds of diagrams: the previous case started from cones of
different heights and arrived at cones with the same height (Figure 10); this case started from equal lines
obtaining unequal lines (Figure 12). Therefore, it is clear that the effect of the transmission is not limited
to overspecification, or cases of indifference to visual accuracy producing symmetries, but cover also cases
of indifference to visual accuracy that produce asymmetries. The same feature will be patent in the next
case.

The fourth case analyzes the diagram of proposition 11 of Aristarchus’s On sizes (Figure 14), in which
I measured the ratio AA/AZ and I plotted its logarithm, which starts at O (when both segments are equal)
expecting it to increase as the copies are made (see Figure 15). I have drawn the starting diagram in a
similar fashion to that of Heath [1913, 387], and the diagram of the manuscript was taken from Vatican
204, 1. 114r.

Of 9 series, 3 had to be discarded because they were unanalyzable. The 6 analyzable series support my
hypothesis. As the chart clearly shows, around the third copy of each series line AZ is shorter than line
AA. Therefore, here again we have a case in which transmission produces indifference to visual accuracy
not related to symmetry.

For my last example, I analyzed the diagram of proposition 14 of Aristarchus’s On Sizes. The series
started with a diagram of proposition 14, which I drew'> with an angle between both shadow rays (AH

15 T did not use Heath’s diagram because he fused two diagrams that are separate in the manuscripts.
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Figure 12. Reproduction of a witness series of the drawings copying the diagram of proposition 2 of Euclid’s Optics. Starting

diagram (0), reproducing that of Heiberg and Menge [1895, 7, 156]; final diagram (M): Vatican 204, f. 44v. The drawings have
been rotated and resized to fit in the assigned space.

SISIRSSIS RS

and ZK) of 5.14° (see Figure 16). This angle could be considered too small (even if the shadow rays are
clearly perceived not to be parallel), but I made it this size in order to be able to draw all lines as clear as
possible.'® The diagram of the manuscript was taken from Vatican 204, f. 116v.

16 T also did the same experiment but with a greater angle between the shadow rays (20°) and it the results also supported my
hypothesis. See online Appendix, 6.
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Figure 13. The chart shows the change throughout the copies of the logarithm of the ratio between side I'A and side KA of the
diagram 2 of Euclid’s Optics. The supporting series are plotted in light gray and dotted lines, except for the one that has been
selected as witness and shown in Figure 12, which is plotted with a dashed gray line. The average of all the supporting series is
plotted in black. There are not unsupporting series.

I analyzed two variables: a) the angle between the shadow rays (which should become 0° if they are
parallel, as in the diagram of the manuscript), and b) the lens-shape of the circumference of the Earth.

The experiment was done 12 times. For both variables, the results are the same: 3 series had to be
discarded, 9 support my hypothesis while only 1 does not. I plotted each variable in a different chart
(Figures 17 and 18). In the first one (Figure 17) I measured the angle between the shadow rays. As the
chart shows, on average, the rays become parallel around the seventh copy. In the second chart (Figure 18),
I plotted the “lens-shape” of the Earth, for which I calculated the ratio between the horizontal and the
vertical diameter of the Earth, and I plotted its logarithm.

In 9 cases, the rays become parallel and the Earth’s sphere tends to acquire a lens-shape. The witness
series shows that not only the Earth, but also the Sun acquires this lens-shape. As far as I know, this
change is not found in any of the extant Greek manuscripts of Aristarchus’s On Sizes and, nevertheless, it
happens in almost every case in the experiment, constituting a minor anomaly. In addition, in the witness
series the Moon has the same size as the Earth and Sun. Even if I did not measure this characteristic, it is
precisely what happens in the diagram of the manuscript. In the experiment, it happened sometimes but not
always. The similarity between the diagrams obtained through the experiment and that of the manuscript
is astonishing (Figure 16). In this case the angle between the rays instantiates overspecification, and the
lens-shape of the Earth is a case of indifference to visual accuracy.

3. Concluding remarks

I have shown that the two main characteristics that Saito and Sidoli [2012: 140-143] have identified in
the diagrams of medieval copies of ancient manuscripts, i.e., overspecification and indifference to visual
accuracy, could be the result of the transmission process, i.e., of the accumulated unintentional alterations
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Figure 14. Reproduction of a witness series of the drawings copying the diagram of proposition 11 of Aristarchus’s On the Sizes
and Distances of the Sun and Moon. Starting diagram (0), inspired by Heath [1913, 387]; final diagram (M): Vatican 204, f. 114r.

The drawings have been rotated and resized to fit in the assigned space.

copy after copy. In my analysis, I showed A) three cases related to overspecification'” and B) three cases of
indifference to visual accuracy not related with symmetry. With respect to A: al) the base BA of the triangle
BAE becomes perpendicular to line AI" in the mentioned diagram of book V of Ptolemy’s Almagest; a2)
the segments BO and BA of the two cones become equal, making both cones to have the same height in the

17 Overspecification in the broad sense. See note 7.
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Aristarchus of Samos, Treatise on the Sizes and Distances, diagram 11
Logyy(Line AA over line AZ)
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Figure 15. The chart shows the change throughout the copies of the logarithm of the ratio between line AA and line AZ of the
diagram of the proposition 11 of Aristarchus’s On Sizes. The unsupporting series is individually plotted in dark gray, the supporting
series are plotted in light gray and dotted lines, except for the one that has been selected as witness and shown in Figure 14, which
is plotted with a dashed gray line. The average of all the supporting series is plotted in black. There are not unsupporting series.

diagram of proposition 3 of Aristarchus’s On Sizes, and a3) the shadow rays AH and ZK become parallel
in the diagram of proposition 14 of Aristarchus’s On Sizes. With respect to B: bl) sides ['A and KA of two
triangles become unequal in the diagram of proposition 2 of Euclid’s Optics; b2) lines AA and AZ in the
diagram of proposition 11 of Aristarchus’s On Sizes also become unequal; and b3) the sphere of the Earth
in diagram of proposition 14 of Aristarchus’s On Sizes acquires a lens shape.

The aim of this paper was to offer a new solution to why diagrams in medieval manuscripts show
overspecification and indifference to visual accuracy within the framework of the history of science. My
suggestion is that this feature is not due to the way ancient authors made their own diagrams, but to the
process of transmission. This point, I hope, is persuasively shown through the series of experiments I pre-
sented and analyzed. It is reasonable to assume that the pattern of the changes found in the experiments is
the product of some psychological mechanisms. Gestalt psychology is likely the most natural framework to
explain these mechanisms.'® Some cases of overspecification can be explained, for example, recurring to
the law of Good Gestalt, also called of Prignanz, or to the law of symmetry.'” The same could be argued
with regards to some cases of indifference to visual accuracy.”’

There is also a wide range of visual motor Gestalt tests that, even if they are not exactly the same and
could not by themselves prove my point, could certainly be related to the one used in my research. In some
of these tests the subject is always asked to copy from the original, i.e., without serial reproductions. Many

18 Wertheimer [1923] and Wertheimer [1925] (both translated into English in Ellis [1938, 1-11 and 71-88], the first one also
translated in an abridged version in Beardslee and Wertheimer [1958, 115-135]), Koffka [1922], Koffka [1936] and Kohler [1970].
19 For example, see Wertheimer [1925, 79], Beardslee and Wertheimer [1958, 125] and Koffka [1936, 140-141] for angles close
to but not right, perceived as right angles, and Koffka [1936, 231-232] for ellipses perceived as circles and trapezoids as rectangles.
20 See the similarity of the effect explained by Kohler [1970, 170-171] and by Fuchs [1923] (translated into English in Ellis [1938,
102-103]) and that of line I’A becoming greater than KA in the diagram of proposition 2 of Euclid’s Optics.
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Figure 16. Reproduction of a witness series of the copies of the diagram of proposition 14 of Aristarchus’s On the Sizes and

Distances of Sun and Moon. 1 drew the starting diagram (0); final diagram (M): Vatican 204, f. 116v. The drawings have been
rotated and resized to fit in the assigned space.

of them involve memory, i.e., the subject has to remember the diagram that she saw and reproduce it later,
like the visual designs test from Graham and Kendall [1960a and 1960b], the visual retention test of Arthur
Benton [1945], or the test of copying a complex figure of Rey [1941] and Osterrieth [1944]. Other tests, like
the famous Bender test [Bender, 1938], not involving memory, aim at detecting the degree of maturation of
a child or certain pathologies in children and adults. Finally, there are other tests that actually use series of
copies and try to discover certain patterns in the series [Barlett, 1932, 177-185].
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Aristarchus of Samos, Treatise on the Sizes and Distances, diagram 14 supporting: 9
Angle between shadow rays (line ZK and line AH)
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Figure 17. The chart shows the change throughout the copies of angle between shadow rays (line ZK and line AH) of the diagram
of proposition 14 of Aristarchus’s On Sizes. The unsupporting series is individually plotted in dark gray, the supporting series are
plotted in light gray and dotted lines, except for the one that has been selected as witness and shown in Figure 16, which is plotted
with a dashed gray line. The average of all the supporting series is plotted in black.

Aristarchus of Samos, Treatise on the Sizes and Distances, diagram 14 supporting: 9
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Figure 18. The chart shows the change throughout the copies of the logarithm of the ratio between the vertical and the horizontal
diameter of the ellipse representing the Earth in the diagram of proposition 14 of Aristarchus’s On Sizes. The unsupporting series
is individually plotted in dark gray, the supporting series are plotted in light gray and dotted lines, except for the one that has been
selected as witness and shown in Figure 16, which is plotted with a dashed gray line. The average of all the supporting series is
plotted in black.
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Further studies could involve an in-depth statistical analysis of the rate of change of important observ-
ables in medieval manuscripts’ diagrams in comparison to what can be reproduced in controlled conditions,
including an evaluation of the effect of cultural context and education level of copyists among others. Such
analysis, together with the psychological explanations, is beyond the aim of this paper, and I do not find it
necessary for showing my suggestion that the overspecification and indifference to visual accuracy found
in medieval manuscripts are produced during transmission, and so, probably, not due to Greek authors
themselves.”!
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