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Abstract

We generalize a result on the Heisenberg Lie algebra that gives restrictions
to possible Lie bialgebra cobrackets on 2-step nilpotent algebras with some ad-
ditional properties. For the class of 2-step nilpotent Lie algebras coming from
graphs, we describe these extra properties in a very easy graph-combinatorial way:.
We exhibit applications for f,, the free 2-step nilpotent Lie algebra.

Introduction

Thorough this paper, all vector spaces are over a fixed field k of characteristic different
from 2 and 3, so that A*g and A%g can be considered as subspaces of g®* and g®°,
respectively. A Lie bialgebra is a triple (g, [—, —],0) where (g, [—, —]) is a Lie algebra
and ¢ : g — A?gis a linear map such that

e J satisfies the co - Jacobi identity. In Sweedler type notation, if d(z) = =1 A 2
(sum understood), then co-Jacobi condition reads

5(%‘1) Nxyg— a1 N\ (5(1‘2) =0e Agg

e 0 satisfies the 1-cocycle condition [z, y] = [0z, y] + [z, dy] € A?g.

In this paper we deal with the classification problem when the underlying Lie algebra
is 2-step nilpotent. Lie bialgebras first appear as classical limit of quantum objects,
studying deformations of Hopf algebras and the Quantum Yang-Baxter equation, pre-
sented by Drinfel’d. They also appear in geometry as Poisson Lie structures on Lie
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group, and in algebraic topology as additional algebraic structure on the space of (free
homotopy classes of) curves in oriented surfaces. Lie bialgebra structures with under-
lying complex simple Lie algebra were classified by Belavin and Drinfel’d [BD] under
a non-degenerated assumption (called factorisable case) and after that many math-
ematicians have worked on semisimple and reductive cases. In [FJ] we studied the
situation of a Lie algebra [ = g x V, where V is an abelian factor, and the problem of
determine all possible Lie bialgebra structures supported by [ in terms of Lie bialge-
bra structures on g; we obtain in that way non factorisable examples for reductive Lie
algebras. Although its importance, the classification problem of Lie bialgebras remain
a wide open problem. In the opposite side of simple or semisimple case (e.g. solvable
or nilpotent) there are almost no results, and in some cases is hopeless for obvious
reasons: if the underlying algebra g is abelian (say dim g < o0), to classity all Lie bial-
gebra structures on g is the same as the classification of all Lie algebra structures on
the vector space g*. Surprisingly, if g = ha,,,+1, the 2m+1-dimensional Heisenberg Lie
algebra, all Lie bialgebra structures on by, are known from a long time (see [BS] and
[SZ]), but for general nilpotent Lie algebras there is nothing else. The nilpotent case is
of special importance because after a result of Etingof and Gelaki (see [EG]), connected
Hopf algebras of finite Gelfand - Kirillov dimension are in bijection with nilpotent Lie
bialgebras.

The origin of this work is the following: if n is a 2-step nilpotent Lie algebra with
center 3, then one can find a linear complement IV so that n = W @ 3. Once this choice
is made, one can see analogies between our previous work ([FJ], [ = g x V) and the
Heisenberg case hs,,11 = W @ kz. Using this point of view we obtain, under mild
assumptions, very strong restrictions on all possible co-bracket on a general 2-step
nilpotent algebra. Although these restrictions, some nonlinear equations remains to
be solved and the general situation is still wide, but restricted to graph algebras the
problem is more tractable. Graphs algebras is a very interesting class of 2-step nilpo-
tent algebras (see definition at the begining of section 2), even if in each dimension
there are only a finite number of them, they are numerous enough to construct inter-
esting examples and counterexamples in geometry (see [LW] and [GGI]).

The results of this paper are:

In section 1 we begin with a simple but very useful fact (Corollary 1.3): if (A*n)" =
A?3 then 6(3) C A?; for any cobracket . The main result of section 1 is Theorem 1.4,
where the Heisenberg case is generalized to arbitrary 2-step algebras: if 5(3) C A%; and
a given linear system of equations has unique solution then 6(WW) C n A3, thatis, 6(1V)
does not have A?WW-component. We call TST type the class of 2-step algebras satisfying
this linear condition (see definition 1.7 and notations introduced after Corollary 1.3). In
Theorem 1.9 we give the precise algebraic data determining a Lie bialgebra structure
on a Lie algebra n satisfying (3) C A%3 and §(W) C nAj3. Theorem 1.10 is a reciproque
for a TST type algebra satisfying (A%n)" = A?%3.

In section 2 we specialize to graph algebras. We prove in Theorem 2.4 thatif nis a
2-step nilpotent algebra coming from a graph G, then (A%n)* = A?; if and only if the
degree of each vertex is bigger or equal to 2. In Theorem 2.6 we indicate conditions
on the graph that imply TST type. In particular, if the graph is “highly connected ”
(e.g. the degree of each vertex is bigger or equal to 2) then its associated algebra easily



satisfies both (A’n)" = A%j and the TST condition.

Section 3 deals with an application of a special class of Lie bialgebras, the ones
whose co-bracket annihilates the center (this class largely includes the coboundary
ones). Inside this class we study the case n = §,, the free 2-step nilpotent algebra on
n generators, that in terms of graph corresponds to the complete graph K,,. The main
fact is Corollary 3.8: If n > 4 and § a bialgebra structure on §, satisfying 6(3) = 0 and
D, diagonalizable for all «, then §(W) C A?3, hence, n is also 2-step conilpotent. (The
notation for the D,’s are as in Theorem 1.9.) We also present computations in the non
diagonalizable case for n = 3.
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1 Two-step nilpotent Lie bialgebras

A Lie algebra n is called 2-step nilpotent if [n, [n,n]] = 0, or equivalently if [n,n] C 3,
where 3 is the center of n. As vector space, the center admits a linear complement; we
choose one and call it W, so that n = W @ 3 as linear vector spaces. We will study
Lie cobrackets ¢ defined on the underlying Lie algebra n. If (n,0) is a Lie bialgebra
structure then § : n — A%n, admits a decomposition via

n=Wa;—>NWa;) =AWoWA;dA%;

So, we may split § in several components. In particular, define 6, := ¢ |§‘; W that is, for
v € W, 1(v) is the A2W - component of §(v).

A very important and classical example is the Heisenberg Lie algebra n = by, =
W & kz where W = k*" with symplectic form w and bracket given by

v+ Az, w + pz| = w(v,w)z
For the Heisenberg Lie algebra, all possible cobrackets are well-known
Theorem 1.1. ([SZ] and [BS]) If 6(2) = vy A z then ¢ is of the form

6(v) = (W, v)B+vyAv) €AW
+D(v) Az ceWAz

where D is a coderivation with respect to 61, and v € W.

In particular, J; is determined by §(z), and if §(3) = 0 then 6(v) = D(v) Az Vv € W.
We will generalize one direction of the above theorem. We begin with a simple remark

Remark 1.2. If 6 : n — A®nis a 1-cocycle then 6(3) C (A%n)".



Proof. For x € n,z € 3,ad, 0z = [z, x1] A w2 + 21 A [2,22] = 0, hence

0=0(0) =z, z] = ad,0z — ad,0x = ad, 0z + 0
That is, 6z is ad,-invariant for any z € n, z € 3. O
Corollary 1.3. If (A%n)" = A?; then 6(3) C A%3.

Even if the Heisenberg Lie algebra does not satisfy (A*n)" = A?3, several interesting
2-step nilpotent Lie algebras do, as we will show in next section. Now the important
simplification will be given by next theorem. We need to introduce some notation.

For v,w € W, [v,w] € 3, fix a basis {2}, and write

[%MZZ}MWWM

where T, : W — W* is determined by the Lie bracket.
Denote by [, |* : W* x W* — W* the dual bracket of ¢;, that is, if §;(v) = v; ® v,
then [\, u]*(v) = AMv1)p(ve). I {A;}9" is a basis of W*, define S; : W* — W = W*

so that
Al = 32 S,

Theorem 1.4. Let (n,d) be a 2-step nilpotent Lie bialgebra, then
e ¢y is a Lie coalgebra structure on W.

o Consider {\; MW, {5393 pasis of W* and 3, resp. and T; and S; as before. If in

Jj=1

addition §(3) C A3, then

T,8;Ty, + TS;T, = 0 Vi, j, k

Example 1.5. In the Heisenberg Lie algebra there is only one 7', corresponding to the
symplectic form w, which is non degenerate, so the condition §(z) = 0 together with
the equation 7'S;T" = 0 Vj clearly implies ¢; = 0.

Proof. We need to check co-Jacobi for ;. If z € 3 then d(z) € (A’n)" and one can easily
check that we always have
(A*n)" CW A 3@ A%

that is, §(z) has zero component in A?WV.
On the other hand, if v € W, §(v) € A2°W & W A 3 @ A%; and we can write

5(v) = &, (v) Mod (W A5+ A%)

and the component of “6%(v)”"= (§ ® 1 — 1 ® §)(év) in A*W can only arise because of 4,
applied to components of §;(v), since § applied to elements in 3 give components with
at least one ”z”, that is, components in A>W A 3 + W A A%; + A%;. We conclude that §;
satisfies (6; ® 1 — 1 ® 1)(0,v) = 0.



The second part is the most interesting, and this part is a generalization of the
arguments for the Heisenberg case. Let u,v € W, recall the cocycle condition is

du, v] = [du, v] + [u, 6v]

Let us write
5u—51u+ZD’ ) A 2+ 653

(and similarly for dv) where 5W3u is the component in A% of du and D : W — W are
linear maps describing the W A 3-component. Then o[u, v] =

[51u + Z D'(u) A z; + (5 "y v} [u, o1v + Z D'(v) Az + 5{,\;%}
[51u + Z D'(u) A z,v ] [u, 010 + Z D'(v) A zz}
= [01u,v] + Z [D*(u),v] A 2 + [u, 61v] + Z[u, D'(v)] A z

= [01u, v] + [u, 6,v] —i—Z ([D*(u [u, D'(v)]) A

EW/\;, €A2

Since n is 2-step nilpotent we know [u,v] € 3, but we also assume 46(3) C A%, so
d[u,v] € A%3, hence

{ 0 = [0iu,v] + [u, 017] '
ue] = S(DHu), o] + [, D)) A 2

In particular, the first equality holds. The second identity is not needed now, but it
will be used in the proof of the “general construction” theorem. In Sweedler - type
notation, d;u = uy A ug, 61V = v; A U9, SO We have

0 = [ug, v] Aug + ug A fug, v] + [u, v1] A vy +v1 A [u, vg]

= —up A [u1,v] +ur A fug,v] — v Afu,01] + 01 Afu, v9] € W A3

and by (co)antisymmetry of 6; (i.e. "v; A vy” = > v; ® vy is an antisymmetric tensor)
each of these expressions are antisymmetric under the change of indices 1 <+ 2. Using
this antisymmetry in the first and third terms (but leaving untouched the second and
fourth ones), we get

0 = 2uy A [ug, v] + 201 A fu,v5) EWAFEW ®3
Hence V ¢ € 3*, we have the formula
uid([v, u2]) = v1¢([u, v2]) (1)
Forv € W and ¢ € 3*, denote v, € W* the element defined by
vo(w) = ¢lv, w]
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In this notation the above formula reads
u1vg(uz) = v1ug(v2)
For any w, apply w, € W* and get
we(u1)vg(uz) = we(v1)tg(v2)

Recall again [, |* := §* : W* x W* — W* is the transpose of J;, so we re-write the
formula as

[wg, vg]"(u) = [wg, ug]"(v)
Now we use alternatively the antisymmetry of [, |* and the above formula and get

[we, vg]™ (1) = —[vg, we]"(u) = —[vg, ug]"(w) = [ug, vy]" (w)

= [ug, wy]"(v) = —[wg, ug]™ (v)
hence

[wg, up]*(v) =0 forall u,v,w € W, ¢ € 3*

This is almost the end of the proof. Now we simply write this fact using bases. Recall

dim W

:ZM@)S;C, S;W* =W, S+S8"'=0;
dim 3

[W']ZZZ“XJT@ T, W —=W* T+T =0.
i=1

where {z;}3™ is basis of 3 and {\,}&2" is basis of TV'*.
Besides, uy = S0 ¢(2;)T;(u), 50

dim 3 dim 3

0= u¢,v¢ Z Z Qb Zz ) TJ(U)]*

=1 j=1

dim 3 dim 3 dim W

=33 ST 0z0)z) Ty0) (Se(Tiw)) A

i=1 j=1 k=1

i(@) () = =T5(0)(a) = T;(v)(Sk(Ti(w))) = =T;(Sk(Ti(w)))(v), so

dim 3 dim 3 dim W

== > o@)e(z) T (Sk(Ti(w) (v) M,

i=1 j=1 k=1

Since { )\, } is a basis

0= 3 6(:)0(2) T (STi(w) (v) vk



But because it holds for all © and v we have

0= ¢(2:)p()T; ST, € Hom(W, W)

In particular, if {z'} denotes the dual basis of {z;}, taking ¢ = 2™ one gets
0= Eoskno Vka iOa

which is a particular case. Specializing at ¢ = 2% + z’° (and using the particular case)
one can easily get

0= ,‘Z—‘]‘OS]CEO + EOSk,I‘jo VZ.Oaj(h k

]

Remark 1.6. Since the Lie algebra structure will be fixed and the cobracket is the un-
known, one can look at
1S Ty + 10.S;T; = 0 Vi, j, k7

as a linear system of equations on the unknown “S”. This motivates the following:

Definition 1.7. Keeping notation for n = W @ 3 and the 7}’s, we call n a 2-step Lie
algebra of TST type if the system of equations

T,ST, + TpST, = 0 Vi, k
with unknown S : W* — W has only the trivial solution S = 0.

Examples of TST algebras are the Heisenberg algebras. Also one can check that
fn, the free 2-step nilpotent Lie algebra on n-generators, is of TST type, and this is
included in a big family of examples that one can build from graphs.

Corollary 1.8. If (n, ) is a Lie bialgebra of type TST and (A*n)"* = A?3 then
e 03 C A%
o SW CWA3DA%,

Proof. The first partis because §3 C (A*n)" and the second is because the AW -component
of 0w is 61, that is determined by S,’s verifying the “TST” system of equations. O

1.1 General Construction
Theorem 1.9. Assume the following data on n = W & 3 is given:
e 0, : 3 — A%3 a Lie coalgebra structure,
e a Lie algebra map D: 3* — End(W), f — — >, f(2;) D" verifying the following
S L)Wz = Y (LD @) () + Tia) (D) ) 2 A 2
i i.j

where D' = —D(2%).



o O: A?3* — W™ a 2-cocycle with values in W*

then the map & : n — A’n defined by

(o) = a0 iz
d(v) = Y. D'(W)ANz+P*(v) ifoeW

is a Lie bialgebra structure on n.
Proof. Straightforward checking. O
Now TST condition is a useful tool because one can easyly prove the following

Theorem 1.10. If n is of type TST and (A*n)* = A?j then all Lie bialgebra structures on n
are as in the previous Theorem.

Proof. Last corollary says that necesarily §3 C A%*; and 6W C W A 3 & A%;. If one
write § in terms of arbitary maps d;, D?’s and ®, then it is a straightforward checking
that co-Jacobi condition implies first and third item of Theorem 1.9 and the 1-cocycle
condition implies the second item. O

2 Graph algebras

Let G = (V, A) be an oriented simple graph without loops. The graph algebra n(G)
associated to a graph G is defined in the following way: for eachi,j € Vand o € A
going from i to j we set

leie;] == a

Since the isomorphism class does not depends on the orientation (just change « by
—a), sometimes we will assume that GG is unoriented, but the set of vertices is ordered,
so that an edge joining two vertices can be oriented, considering that it goes from the
smaller to the bigger.

Examples 2.1. 1. The graph = —Z>y gives the 3-dimensional Lie algebra with ba-
sis {z,y, z} and bracket [z, y| = z, that is, the Heisenberg algebra h;. On the other
hand, for n > 1 the Heisenberg Lie algebra b, 1 is not a graph algebra.

2. fn: The free 2-step nilpotent Lie algebra is the graph algebra associated to the
complete graph K,,.

3. The nontrivial brackets of the Lie algebra associated to the following graph are
€2
T
€1 —F>=€3<—""6€4

B p

le1,ea] =7y, [e1,e3] = p,
[62763] = qQ, [64763] =p.
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Notice that the center of a graph algebra has natural basis consisting on the arrows
and the isolated vertices. If we assume that the graph does not have isolated vertices
then we have canonical decomposition and basis:

W =EPke, 3 = Pka
ecV acA

and n(G) = W @ 3 is a 2-step nilpotent with center 3 and linear complement V.
We begin by characterizing the condition (A*n)" = A?;. Recall that for a vertex e,
the degree - or valency- |e| is the number of edges incident to e.

Lemma 2.2. Consider a graph G = (V, A) such that there exists e € V with |e| = 1 then there
exists an element 0 # w € (W A 3)"

Proof. Let a be the unique edge joining e with €/,

If we consider w :=e Ao € W A 3 then adow = £a A a = 0, and clearly also ad.»w = 0
for any other ¢” € V. O

A more involved proof is needed for the following Lemma:
Lemma 2.3. Let w € (W A3)" ifw= > AaeAa,then \., =0 foreache € V such
ecV,acA

that |e| > 2.

Proof. Consider e € V' a vertex with |e| > 2.

Denote ¢’ = e; and €’ = e, in the drawing, i.e. ¢ and e” are two different vertices
incident to e with corresponding edges o and . A general element in W' A 3 will be of
the form

w = ae A o +be A\ B +e A (DD i)
a;Fa,

+ad'e' N +v'e' N +e' A (D pioy)
ai7éa7ﬁ

+a"e" N +v"e" N\ B +e" A (DD viay)
ai7£a)ﬁ

+ Z agne” Ao+ Z bone" A B + Z /\i’eme/// A
e///#€7e/7e// 6”’#6,6/76// 6///75676/,6”
a;#a,B



for some a,d’, a"a;, p1;, Vi, Ai e € k. Since w is supposed to be invariant, we have

0=adw = 0 +0 +0

+d'a A +aAp +a A (D )
al#avﬂ

+ad"B A« +0"B A B +O0NA (Y viy)
CM,L#Q,ﬁ

+ Z Qe [67 6/”] Nao + Z be'” [67 e//l] A B + Z )\i,e’” [67 6///] N o
e”’#e,el,e// e///#676/7el/ e///#876l7el/
o Fa,B

then, in particular b’ = a” (x).
Analogously, compute 0 = adow =

= —aa N\« —ba A —aA( D )
a;F#o,B
+0 +0 +0
+a"[e €] N a +v'[e, " A B +le "IN (D) viy)
a;Fo,f3
+ Z Qe [6/, 6”/] Na + Z bem [6’7 6///] A 5 + Z )\i,e’” [6/, 6///] AN (67
6///#6,6/,6// e///#€7€/76// 6”/7&6,6/76//
a;Fo,B
— —ba A [ —aN( D )
a;F#o,B
+a’[e/, " N a +v'[e, " A B +le "IN (D) viy) (1)
aiFo,f
+ Z Qe [6/, 6”/] Na + z bem [6/, 6///] N 5 + Z )\i,e’” [6/, 6///] N (67
6///#6’el,e// e///#676/7611 6’”#6,6/76//
a;#a,B
Hence, b = 0.
In the same way 0 = adovw =
= —af N« —6A( D> Nay)
a;ta,B
+d'[e", ] N a +V'[e", e A B +e" TN (D viay) (2)
ai;éa76
+ Z Qg [6”, e///] ANa —+ Z b [6”, e///] A ﬁ + Z )\i,e”’ [6”, e///] A
e///#676/76// 6/”#6,6/,6// 6/"7&6,6'76”
a;Fo,B

Hence, a = 0. To continue, we will consider cases i) and i) as follows:

i) Suppose ¢’ and e” are not joined by any edge in the graph, so [¢/,¢”] = 0, then (1)
equals

0 = ( > oo+ YD aem[e’,e”’]>/\a

aiFa,B e/ Fe.el e

!/
+ Z b [6/, 6”/] AB + Z /\i,e”’ [6’, 6/”] A (1 )
6/”#676/,6// e///¢€7el,e//
a;Fa,B

Notice in the previous equation that all the terms belong to different components, so
(1') implies A\; = 0 for all i except those corresponding to «; incident to ¢'.
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In the same way, (2) implies \; = 0 for all ¢ except those corresponding to «; inci-
dent to €”. But there is no edge between ¢’ and ¢”, hence all \; = 0.

it) Suppose €’ and e” are joined by an edge v, so [¢/, €] = 7. Equation 1 reads in this
case

0 = oo hag+d'v+ > aenle, €] | Na
ai7ﬁa75 8”’756,6’76”
+b"y A B FYA( X vioy) (1”)
al#ang
+ > bemle, "IN + > iemle, € A a;
e///¢e7€/7e// e///¢e7€/7e//

a;#a,B

Looking at the terms with common factor «, we see that A\; = 0 for all < except those
corresponding to «; incident to ¢’. A similar computation interchanging ¢’ with e¢” says
Ai = 0 for all i except those corresponding to «; incident to e”.

Resuming, if we call c = b' = a” and A\ = \,, w is of the following form

w = eN Ay
+ad'e' N +ce' NS +e' A (D miy)

Oéi?éa,ﬁ
+ce" N +0"e" N B +e" A (DD viy)

az7£a»ﬁ

+ Z aeme/// Ao + Z beme”’ A 5 + Z /\i’emem A
6///75676/,6” 6”’#6,6/76// e///#e7€/,e//
o #a,B

We go back to equations (1) and (2), we have

tey Aa +b"y A B YA (X vioy) 1
ai¢a7ﬁ ( )
+ > aele " Na + D b€ AL+ > Nienle €] Ay
e/"¢67€l,e// e///;‘£e7e/7€// 6”’#676/76”
a;#a,B
and
0 = —ABA~Y
—ay AN a —cy A A D] via) 9
ai7£a’ﬁ ( )
+ Z Qo [6//, 6”/] ANa + Z b [6//, e///] A B + Z /\i,e”’ [6//, 6”/] A o
e///¢e7e/7€// el//¢e7e/7e/l e///#e7€/’e//
a;Fa,B
We look at the terms with a A yin (1) and § A v in (2) and obtain
Atc=0andA—c=0
Hence, A = 0,50 A\. o, =0 forall o; € A. O
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As a corollary we can prove the following characterization:

Theorem 2.4. For a graph algebra (without isolated vertices), (A°n)* = A% if and only if
le] >2forallec V.

Proof. Lemmas above show that (n A 3)" = A?3;, we will show that this is enough to
conclude (A%n)" = A?;.
From the vector space decomposition n = W @ n we get, as usual, the vector space
decomposition
An=NW @ WA @ A%

This is not an n-module decomposition, but if v € n, then it is clear that
ad,(A°W) C W A3, ad,(W A3) € A%;3and ad,(A%3) =0
So, if u = Uy + uy + ug € A®n, with uy € AW, u; € W A 3 and uy € A?%3, then
Uy +up +ug € (A*n)" <= u; € (A*n)":i=1,2

Hence, it is enough to see that A>TV N (A?n)* = 0. This fact is true for any 2-step
nilpotent Lie algebra and the argument is a computation on basis, we include it here
for completeness.

Let {v; };c; be an ordered basis of W, {2, } e a basis of 3, let

k
vz,vj E Ty (v;) vj 2 = g Cii %k

keK k

be the structure constants, and consider the basis {v; Av; : 4,5 € I,i < j} of A*IW. Let
v;, be a basis element and write a general element of AW in the form

u = ZUUUZ' VAN (% S AQW with Uzj = —Uj;

4,3

If we also assume that u € (A?n)", then

0 = ady, (1) =Y (ui;[vig, v:] A v; + w505 A [vig, v5])

Z?j

_ E k k
1,5,k

:Z(ZUU zolvj—i-cm] ))/\zk EWAIXW®3;
k 4]

since zj, is a basis of 3 we have

ZUU zOzU]+CzOJ )_OVk

But

k k
0= E g (—chy vy + ) E —uClo U + E WijCi, Vi
inj ij
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_ k k
= E :_uijciﬂ,ivj + § :ujicio,ivj
1,J Jyt
k
= (E (—uij + uji>cio,i> vj
J

)

k
=2 Z <Z ujicio,i> (%
j i
then|>", ujicl ; = 0 Vj,Vk | From this equality we see that the element
wj = Z Ujﬂ)i

satisfies [v;,, w;] = 0 for all v;; that is, w; belongs to the center, so w; € W N3 = 0.
Hence, u;; = 0 forall i, j, so u =}, ; u;;v; A v; = 0 and the proof is complete. O

Remark 2.5. The argument we have used in the previous proof is valid for any 2-
step nilpotent Lie algebra. In particular, (A*n)" = (3 A n)" for any 2-step nilpotent Lie
algebra.

2.1 Graph algebras and the TST equations

For a graph G = (V, A) with vertices V' and arrows A, without isolated vertices, we
use the canonical basis of the center {2, }1™}? := {a}4c4. The system of equations with

unknown antisymmetric map S : W* — W is of the form
TaSTg + 1357, =0Va, B € A

Fix V' = {ey,...,e,} the set of vertices, it is a basis of W by definition; let {e},... e}
be the dual basis. It is easy to see that for each o € A joining e; with e;, with i < j we
have

Ta(ei) = e;k" T(X(ej) = —637 Ta(ek) =0Vk 7é i,j
In matrix notation [7,,] = E;; — E; ;. The following is a translation of the TST condition
in graph language:

Theorem 2.6. Let n be a 2-steps nilpotent Lie algebra arising from a graph G = (V, A),
i,7 € Vand S an antisymmetric solution of the system 1,51 + 1351, = 0Va, 5 € A.

1. If there exists an edge o joining i and j, then S; ; = 0.
§—j
2. If there are two edges « and [3 and four vertices i,4', j, j' such that o joins i and i’ and (3
joins j and j' with {i,i'} N {j,j'} = 0 then S, ; = 0.
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Proof. Consider the equation 7,,ST,, = 0 for a given o € A, where «a joins e; with e;.

(TaSTa)ig = Y (Ta)in(ke(Ta)ey = (Ta)ii(9)ji(Ta)ig = (5);
kL
This shows 1. Next suppose we have two edges o and 3 such that « joins 7 and 4/, and
Bjoins j and j’ with {i,7'} N {j, 7'} = 0. Writing the TST- equation for these «, (3,

(TuSTs + TsSTa)vj = > _(Ta)ikSke(T)eg + > (Ta)irkSke(Ta)e s
k.l kt

= (T%)iiS:(T3);50 = £Sij,

SO Si,j = 0. [
Examples
o — 0O *o—0 — o0 [ ] [ ] [ ] [ ]
[ ] [ ] [

/ |
e —© [ ] [ [ ]
o —© ([ ] [ ] l [ ]
e—eo eo—e—o TSTtype non  TST type

Remark 2.7. If we are interested in algebras with (A?n)" = A?; then we must look at
graphs with |e| > 2 for all e € V. But if this is the case, then any pair 7, j in V' satisfies
either condition 1 or 2 of the previous proposition, so we have the following corollary:

Corollary 2.8. If le| > 2 forall e € V then (A’n)* = A?3 and also n is of TST type, as a
consequence, any cobracket structure on n satisfies

63 C A%, OW C W A3@ A3,

and it is of the form as in Theorem 1.9.

Remark 2.9. In the case where a graph has (all vertices with) valency bigger or equal
to 2, even if the above corollary shows a big simplification of the structure constants,
in order to find all possible data as in Theorem 1.9 we still have to solve nonlinear
equations, for instance, the data includes a Lie algebra structure on 3*. We present next
a family of Lie bialgebras that include the ones where the 2-cocycle 0 is a coboundary
where this part of the data is trivial.
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3 Nearly Coboundary Lie bialgebras

Recall that a Lie bialgebra (n, d) is called coboundary if there exists » € A*n such that
d(z) =ad,(r)Vr €en

In any coboudary bialgebra we have 6(3) = 0. This motivates the following definition

Definition 3.1. A Lie bialgebra (n, §) will be called nearly coboundary if §|; = 0.

Example 3.2. Let § : n — A?n a linear map satisfying (W) C A%; and §(3) = 0, that is,
the only nontrivial component is of the form

d(e;) = Z wPang (e eV)

a,fEA

with arbitrary coefficients pf e K verifing only p? = —uP for all i,«, 3. Then
0 endows n of a nearly coboundary Lie bialgebra structure. Notice that there are
\4 W free parameters, while for a coboundary Lie bialgebra structure with (V) C
A%3 we need an element

r= Z rijei Ao € WA

ieV,a€eA

In order to give r we need |V'||A| parameters; if |A| > 3 then |V|W > |V]|A], soin
particular there is a lot of non coboundary Lie algebras in this family of examples.

As particular cases, for G = C,, we have |V| = nand |[A| = n; for G = K,,, |V| =n
and |A| = n(n —1)/2. Except n = 3, there are a lot of nearly coboundary Lie bialgebras
of this type that are not coboundary. In the table we write the numbers |V| W and
|V||A] in general and for small n:

C, K,
VIJA] VA0 | vyiA] 1A —
n| n? o) 2D 1p2(n 4 1) (n - 1)(n — 2)
3 9 9 9 9
4 16 24 24 60
5 25 50 50 225
6 36 90 90 630

Now we will study conditions of Theorem 1.9 for nearly coboundary bialgebra
structures on graph algebras n = n(G).

Lemma 3.3. Let G be a graph with |e|] > 2Ve € V, n =n(G), § : n — An a Lie bialgebra
structure. Assume that ¢ is nearly coboundary, so that §(z) = 0 if z € 3. If we write (as in

Theorem 1.9)
5(v) = Da(v) A+ ®*(v)

acA

then D,Dg = DgD,, for all edges o, (.

(veW)
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Proof. We know that all bialgebra structures are as in Theorem 1.9, so they must satisfy

ZD (e;) N ZD (Dg(ei)) Na A

a,eA a,BEA

But because 6(3) = 0 we have

0= Da(Dsle)) NaAB= > (DoaDs— DsDo)(e;) N A3

a,fEA a<fEA
So DaDﬁ = DlgDa. L]

From the above lemma, we see that a typical situation will be when the D,’s are
simultaneously diagonalizable. In next subsection we study this particular case.

3.1 Nearly coboundary bialgebras with diagonal D,’s

In this subsection we suppose that all the {D, : o € A} are simultaneously diago-
nalizable, and moreover, that the set of vertices {¢; : 1 < i < n} = V is a basis of
eigenvectors. We denote by A, , the corresponding eigenvalues, i.e., Vi,

Da(ei) = )\i,aei

Remark 3.4. The assumption that the set of vertices are eigenvalues is not a lost of
generality in the family of free 2-step nilpotent algebras.

Proposition 3.5. Let o be an edge joining iy with jo, then
)‘io,a == _)‘jo,a Vo 7é (%))

Proof. From the cocycle condition, the assumption §(3) = 0 and dw (e;,) = > Da(ei) A

acA
o, we have
0= (5(0&0) = 5([6107 ejo]) = [6<€io] 6jo] + [eim 5(€j0)]
= [ZDa(eio) /\oz,ejo] + [e,O,ZD €jo /\a}
acA acA
= [Z)\io,aeio A« em] + [em, Njo,a€io N\ oz]
acA a€cA
= Q) AN (Z)\io’a + )\j07a>0é
acA
then each coefficient \;, , + Aj,.o = 0 for all a # a. O
Example 3.6. For the graph e

B
N
61#63

we get f3, the free 2-step nilpotent Lie algebra on 3 generators {e;, ez, e3}. The
complete list of Lie bialgebra structures on f; such that §(3) = 0 and diagonal D,,, for
alli =1,2,3is
de) =er N(aa+bf+cy)+w =1e1 AN A +w
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d(e2) = €2 A (aar = b — ¢y) + w2 =t ea A Ay + wo
d(es) =e3 A (—aa — b8 + ¢y) + ws =: e3 A Az + ws
for any a,b, ¢ € k, w; € A?3 satisfying co - Jacobi condition:

Ldi/\Ai:O, Z:1,2,3

For highly connected graphs the situation is even more favorable; repeatedly using
Proposition 3.5 one can prove the following;:

Proposition 3.7. Consider a graph G = (V, A), a vertex ioc € V and o € A. If there exists a
(non necesarily oriented) loop in G of the form

G—ig 2 , or oo 0 ,
N—-1 1
AN N
IN-1 12 IN—1 19 1
: ‘53 ‘53 ‘Oé
i3 5 i3

then Ny o = (=1)N iy o If N is 0dd then X\, o = 0
As a corollary we have

Corollary 3.8. If n > 4 and ¢ is a bialgebra structure on f, satisfying 6(3) = 0 and D,
diagonalizable for all o, then
(W) C A%,

that is, all D, are necessarily zero and §(e;) is of the form d(e;) = w; with arbitrary w; € A?3.
In other words, 0 is as in Example 3.2.

Proof. if iy is a vertex and « an edge, in the complete graph on n vertices with n > 4
we are always in one of the following situations:

ZQ 2 j or 7:0' """" ) 1 ’ SO )\io,a =0 Vig, Q.

]

We finish exhibiting examples of non diagonalizable D;’s in §3. We do not know if
there are similar nontrivial examples in f,, for n > 4.

3.2 Non-diagonalizable D’s in 3
Fix the notation for vertices and arrows:

0N

G1<— €3
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Since [D,,, Do,] = 0 for all a;,; € {a, 3,7}, we may always assume that there
exists a basis where all D, are simultaneously upper triangular, that is, of the form

a b c

0 d e

00 f

But also, if one of them has three different elements in the diagonal, then all of
them are diagonalizable, and we are in the previous case. So we may assume that all
of them have some multiplicity on the eigenvalues. We split in two cases: multiplicity
2 and multiplicity 3. In multiplicity 3 there are two possibilities: there is a D with a
single Jordan block of size 3, or the maximal size of the Jordan block is 2. Writing the
tirst D in Jordan form and using that the other D’s commute with this one we arrive
at the following cases:

Multiplicity 2:
A1 0 a b 0 w v 0
Do=0XO0 |,Dg=|0=a 0 |,Dy=(0 p O (1)
00 X 00 ¢ 00 7
where A # X, and multiplicity 3:
A1 0 a b c W ovop
Do=|0X1],Dg=|0wa b |,Dy=|0 p v (I7)
00 A 0 0 a 0 0 p
or
A1 0 a b c L v op
Do=|0XO0 ]|, Dg=10wa 0 |,Dy=|0 pu O (I11)
00 A 0 0 a 0 0 p

From the matrix parameters introduce the elements A, B,C, D €¢ W
A= a+aB+puy, B:=a+bB+vy, C:=cB+py, D:=Na+cB+ 1y
Take elements w; € A%; (i = 1,2, 3) and define
d(e;) == Dy(ei) N+ Dgle;) N B+ Dy(e;) ANy + w;

In all cases we have
6(61) = €1 N A + wq

5(62) = 62/\A+61/\B+W2
and d(e3), depending on cases, is equal to

63/\D+W3 ([)
(5(63): 63/\A+€2/\B+€1/\C+w3 ([[)
63/\A+61/\C+w3 ([II)

The restriction given by the co-Jacobi identity are
wl/\A:O:ngA+w1AB
and, depending on cases

(I) = (.{)3/\D7
(I[) 0= W3/\A+WQ/\B+W1/\C,

18
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